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RATIONALLY CONNECTED VARIETIES –
ON A CONJECTURE OF MUMFORD
VLADIMIR LAZIC´ AND THOMAS PETERNELL
Dedicated to the memory of Qikeng Lu
Abstract. We establish a conjecture of Mumford characterizing ratio-
nally connected complex projective manifolds in several cases.
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1. Introduction
A complex projective manifoldX is rationally connected if any two general
points can be joined by a chain of rational curves. On a rationally connected
manifold one can find (many) rational curves C ⊆ X such that TX |C is ample
and deduce that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1.
We refer to [Kol96] for a detailed discussion of rationally connected varieties.
A well-known conjecture of Mumford says that the converse is also true
[Kol96, Conjecture IV.3.8.1].
Conjecture 1.1. Let X be a projective manifold such that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1.
Then X is rationally connected.
Lazic´ was supported by the DFG-Emmy-Noether-Nachwuchsgruppe “Gute Strukturen
in der ho¨herdimensionalen birationalen Geometrie”. Peternell was supported by the DFG
grant “Zur Positivita¨t in der komplexen Geometrie”.
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This conjecture holds when the dimension of X is at most 3 [KMM92],
and not much has been known in higher dimensions. It is, however, well
known that this conjecture is equivalent to a weaker statement which says
that in the context of Conjecture 1.1, the variety X is uniruled, i.e. covered
by rational curves:
Conjecture 1.2. Let X be a projective manifold such that KX is pseudo-
effective. Then there exists a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
The connection to uniruledness comes from the main result of [BDPP13],
stating that a projective manifold X is uniruled if and only if KX is not
pseudoeffective. A short proof of the equivalence of these two conjectures
is given in Proposition 2.4. A similar proof yields the following weaker
characterization of rational connectedness obtained in [Pet06, CDP15]:
Theorem 1.3. Let X be a projective manifold. Then X is rationally con-
nected if and only if for some ample line bundle A on X there is a constant
C depending on A such that
H0
(
X, (Ω1X)
⊗m ⊗A⊗k
)
= 0
for all positive integers k and m with m ≥ Ck.
We also mention a stronger conjecture from [BC15], stating that X is
rationally connected if and only if
(1) H0
(
X,SkΩpX
)
= 0
for all positive integers k and p. The main result of [BC15] is that condition
(1) implies that X is simply connected.
In this paper, we prove several results towards Conjecture 1.2. Notice
that if κ(X,KX ) ≥ 0 in Conjecture 1.2, then in particular
H0
(
X, (Ω1X )
⊗m
)
6= 0
for some m, see Remark 2.5, but Conjecture 1.2 is much weaker than the
nonvanishing κ(X,KX ) ≥ 0.
An important invariant of a projective manifold X with pseudoeffective
canonical bundleKX is its numerical dimension ν(X,KX). If Y is a minimal
model of X, so that KY is nef, then ν(X,KX) = ν(Y,KY ) is the largest non-
negative integer d such that KdY 6≡ 0; the general definition is in Section 2.
It is well known that ν(X,KX ) ≥ κ(X,KX ), and one of the equivalent
formulations of the abundance conjecture is that
ν(X,KX ) = κ(X,KX ).
The abundance conjecture is known to hold when ν(X,KX ) = 0 by [Nak04]
and when ν(X,KX) = dimX by [Sho85, Kaw85a], which in particular proves
Conjecture 1.2 in these cases. Thus it remains to prove Conjecture 1.2 when
1 ≤ ν(X,KX ) ≤ dimX − 1.
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In this paper we deal with the extremal cases ν(X,KX ) = 1 and ν(X,KX) =
dimX − 1.
Our main result is the following.
Theorem 1.4. Conjecture 1.2 holds when dimX = 4 and ν(X,KX) 6= 2.
The theorem is a consequence of much more general results which work
in every dimension. We first prove Conjecture 1.2 when ν(X,KX) = 1 and
X has a minimal model, see Theorem 3.2:
Theorem 1.5. Let X be a projective manifold such that KX is pseudo-
effective, and assume that X has a minimal model. If ν(X,KX) = 1, then
there exists a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
The main input are our techniques from [LP16], where – among other
results – we proved the abundance conjecture for varieties with ν(X,KX) =
1 and χ(X,OX ) 6= 0. We discuss these ideas in Section 3.
When ν(X,KX ) = dimX − 1, we show in Theorem 4.1:
Theorem 1.6. Let X be a minimal terminal n-fold with ν(X,KX) = n− 1
and n ≥ 4, and let pi : Y → X be a resolution which is an isomorphism over
the smooth locus of X. Assume one of the following:
(a) (pi∗KX)
n−2 · c2(Y ) 6= 0;
(b) (pi∗KX)
n−2 · c2(Y ) = 0 and (pi
∗KX)
n−3 ·KY · c2(Y ) 6= 0.
Then KX is semiample.
The result is more precise when n = 4, see Theorem 4.2, which then im-
plies Theorem 1.4 when ν(X,KX) = 3. The proof is by a careful analysis of
the Hirzebruch-Riemann-Roch for two different sets of line bundles, together
with a well-known slight refinement of the Kawamata-Viehweg vanishing.
Finally, we note that results from [LP16] immediately give the following.
Theorem 1.7. Let X be a projective manifold of dimension n with KX
pseudoeffective. Assume that KX has a metric with algebraic singularities
and semipositive curvature current.
(i) If good minimal models for klt pairs exist in dimensions at most n−1,
then there is a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
(ii) If n = 4, then there is a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
This is Theorem 5.4 below. It is expected that the assumptions in the
theorem always hold, see Remark 5.2.
All the results of this paper apply also in the context of a stronger con-
jecture from [BC15] mentioned above.
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2. Prelimimaries
We work over the complex numbers, and all varieties are normal and
projective. For the basic notions of the Minimal Model Program we re-
fer to [KM98]. In particular, a normal projective variety is terminal if it
has terminal singularities. We shortly review the definition of the numeri-
cal dimension of a pseudoeffective divisor [Nak04, Kaw85b]; we are mostly
interested in the case when the divisor is KX .
Definition 2.1. Let X be a smooth projective variety and let D be a
pseudoeffective Q-divisor on X. If we denote
σ(D,A) = sup
{
k ∈ N | lim inf
m→∞
h0(X,OX (⌊(mD⌋ +A))/m
k > 0
}
for a Cartier divisor A on X, then the numerical dimension of D is
ν(X,D) = sup{σ(D,A) | A is ample}.
Note that this coincides with various other definitions of the numerical di-
mension by [Leh13, Eck16]. If X is a projective variety and if D is a pseu-
doeffective Q-Cartier Q-divisor on X, then we set ν(X,D) = ν(Y, f∗D) for
any birational morphism f : Y → X from a smooth projective variety Y .
If D is nef, then ν(X,D) is the largest positive integer e such that De 6≡ 0.
Using a refined intersection theory, this can be generalized to pseudoeffective
divisors [BDPP13]. One of the most important properties we use is that the
numerical dimension is preserved by the operations of a Minimal Model
Program.
The following well-known result [Kol13, Corollary 10.38(2)] is a conse-
quence of the usual Kawamata-Viehweg vanishing theorem. The proof is
analogous to [Kaw82, Corollary]; we include a short argument for the con-
venience of the reader.
Lemma 2.2. Let (X,∆) be a Q-factorial projective klt pair of dimension n
and let D be a Cartier divisor on X such that D ∼Q KX +∆+L, where L
is a nef Q-divisor with ν(X,L) = k. Then
H i
(
X,OX (D)
)
= 0 for all i > n− k.
Proof. The proof is by induction on n. If k = n, then this is the usual
Kawamata-Viehweg vanishing [KMM87, Theorem 1-2-5 and Remark 1-2-6].
Now, assume that k < n and let H be an irreducible very ample divisor on
X which is general in the linear system |H|. Consider the exact sequence
(2) 0→ OX(D)→ OX(D +H)→ OH(D +H)→ 0.
For i > n − k we have H i
(
X,OX(D + H)
)
= 0 by Kawamata-Viehweg
vanishing. Since
(D +H)|H ∼Q KH +∆|H + L|H
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by the adjunction formula, see e.g. [Kol13, Proposition 4.5], since the pair
(H,∆|H) is klt by [KM98, Lemma 5.17] and since ν(H,L|H) = k, we have
H i−1
(
H,OH(D +H)
)
= 0
by induction. Then the result follows from the long exact sequence in coho-
mology associated to (2). 
We frequently use the following theorem [Lai11, Theorem 4.4].
Theorem 2.3. Assume the existence of good models in dimension n−q. Let
X be a minimal terminal projective variety of dimension n. If κ(X,KX ) = q,
then KX is semiample.
As promised in the introduction, we show the equivalence of Mumford’s
conjecture and the weaker Conjecture 1.2.
Proposition 2.4. Assume that Conjecture 1.2 holds in dimensions at most
n. Then Conjecture 1.1 holds in dimension n.
Proof. We follow closely the proof of [Kol96, Proposition IV.5.7]. Let X be
a projective manifold of dimension n such that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1.
Then X is uniruled by Conjecture 1.2 and by [BDPP13], and let pi : X 99K Z
be an MRC fibration of X, see [Kol96, §IV.5]. By blowing up X and Z, we
may additionally assume that pi is a morphism. By [GHS03, Corollary 1.4],
Z is not uniruled. If X is not rationally connected, then dimZ ≥ 1 and KZ
is pseudoeffective by [BDPP13], hence
H0
(
Z, (Ω1Z)
⊗m0
)
6= 0
for some positive integer m0 by Conjecture 1.2. Since
(pi∗Ω1Z)
⊗m0 ⊆ (Ω1X)
⊗m0 ,
we obtain H0
(
X, (Ω1X )
⊗m0
)
6= 0, a contradiction. 
Remark 2.5. We often use without explicit mention that any effective
tensor representation of a vector bundle E on a varietyX can be embedded as
a submodule in its high tensor power, see [Bou98, Chapter III, §6.3 and §7.4].
In particular, if H0
(
X, (
∧q E)⊗p) 6= 0 for some p, q > 0, then H0(X, E⊗m) 6=
0 for some m > 0.
We finish the section by commenting on log and singular cases.
Remark 2.6. (1) Let (X,∆) be a projective klt pair and let pi : X̂ → X be
a log resolution. Assume that −(KX +∆) nef and that
H0
(
X̂,
(
Ω1
X̂
)⊗m)
= 0
for all positive integers m. Then X̂ and X are rationally connected. Indeed,
if K
X̂
is pseudoeffective, then X has canonical singularities and ∆ = 0. In
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this case KX ∼Q 0 and hence H
0
(
X̂,
(
Ω1
X̂
)⊗m)
6= 0 for some m, contradict-
ing our assumption. Therefore K
X̂
is not pseudoeffective and X̂ is uniruled
by [BDPP13]. Let X̂ 99K Z be an MRC fibration to a projective manifold
Z. By [Zha05, Main Theorem] we have κ(Z,KZ) = 0, and we conclude that
dimZ = 0 as in the proof of Proposition 2.4. Therefore X̂ as well as X are
rationally connected.
(2) In a singular setting, one might hope to characterize rational con-
nectedness using reflexive differentials. However, [GKP14, Example 3.7]
constructs a rational surface X with only rational double points such that
H0
(
X, ((Ω1X)
⊗2)∗∗
)
6= 0.
3. Numerical dimension 1
The basis of this section is the following result [LP16, Theorem 6.7].
Theorem 3.1. Let X be a minimal Q-factorial projective terminal variety
such that ν(X,KX ) = 1. If χ(X,OX ) 6= 0, then κ(X,KX ) ≥ 0.
We give some comments on the proof of Theorem 3.1 in [LP16]. Assuming
for contradiction that κ(X,KX ) = −∞, the main step is to show that then
for a resolution pi : Y → X, for all m 6= 0 sufficiently divisible and for all p
we have
(3) H0
(
Y,ΩpY ⊗OY (mpi
∗KX)
)
= 0.
There are two crucial inputs here: the first one is the birational stability
of the cotangent bundle [CP11, CP15]; the second is a criterion which says
that if a nef Cartier divisor L with ν(X,L) = 1 can be written as L = P+D,
where P is a pseudoeffective divisor and D 6= 0 is an effective divisor, then
κ(X,L) ≥ 0.
Now we distinguish two cases: if there exists a positive integer m such
that pi∗OX(mKX) has a singular metric hm such that the multiplier ideal
I(hm) does not equal OY , then one uses the criterion above to conclude; note
that in this case the assumption χ(X,OX ) 6= 0 is not needed. Otherwise,
for each m there is a singular metric hm as above such that I(hm) = OY ,
and then the Hard Lefschetz theorem from [DPS01] gives
Hq
(
Y,OY (KY +mpi
∗KX)
)
= 0 for all q.
An easy argument involving the Hirzebruch-Riemann-Roch allows to con-
clude χ(X,OX ) = 0, which gives a contradiction.
The theorem implies quickly the main result of this section.
Theorem 3.2. Let X be a projective manifold such that KX is pseudo-
effective, and assume that X has a minimal model. If ν(X,KX) = 1, then
there exists a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
In particular, Conjecture 1.2 holds if dimX = 4 and ν(X,KX ) = 1.
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Proof. Assume to the contrary that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1,
so that, in particular,
Hq(X,OX ) ≃ H
0(X,ΩqX) = 0 for all q ≥ 1.
Therefore χ(X,OX ) = 1. If Y is a minimal model of X, then ν(Y,KY ) = 1
and χ(Y,OY ) = 1, hence κ(X,KX ) = κ(Y,KY ) ≥ 0 by Theorem 3.1. This
is a contradiction.
The second statement follows immediately since minimal models of cano-
nical fourfolds exist by [BCHM10, Fuj05]. 
4. Numerical codimension 1
Theorem 4.1. Let X be a minimal terminal n-fold with ν(X,KX) = n− 1
and n ≥ 4, and let pi : Y → X be a resolution which is an isomorphism over
the smooth locus of X. Assume one of the following:
(a) (pi∗KX)
n−2 · c2(Y ) 6= 0;
(b) (pi∗KX)
n−2 · c2(Y ) = 0 and (pi
∗KX)
n−3 ·KY · c2(Y ) 6= 0.
Then KX is semiample.
Proof. Since X has terminal singularities, the singular locus of X is of di-
mension at most n− 3 by [KM98, Corollary 5.18], hence
(4) (pi∗KX)
n = (pi∗KX)
n−1 ·KY = (pi
∗KX)
n−2 ·K2Y = 0.
Let m be any positive integer such that mKX is Cartier. Then by Hirze-
bruch-Riemann-Roch, by Serre duality, by (4) and since X has rational
singularities, we obtain
χ
(
Y,OY (KY + pi
∗(mKX))
)
= (−1)nχ
(
Y,OY (−pi
∗(mKX))
)
(5)
=
1
12(n − 2)!
mn−2(pi∗KX)
n−2 · c2(Y )
+
1
24(n − 3)!
mn−3(pi∗KX)
n−3 ·KY · c2(Y ) +O(m
n−4)
and
χ(X,OX (mKX)) = χ
(
Y,OY (pi
∗(mKX))
)
(6)
=
1
12(n − 2)!
mn−2(pi∗KX)
n−2 · c2(Y )
−
1
24(n − 3)!
mn−3(pi∗KX)
n−3 ·KY · c2(Y ) +O(m
n−4).
By Miyaoka’s inequality [Miy87, §6], we have
(pi∗KX)
n−2 · c2(Y ) ≥ 0.
Suppose first that (pi∗KX)
n−2 · c2(Y ) > 0. Since
(7) H i
(
X,OX(mKX)
)
= 0 for i ≥ 2
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by Lemma 2.2, by (6) there exists a constant C1 > 0 such that
h0
(
X,OX(mKX)
)
≥ C1m
n−2.
We conclude that κ(X,KX ) ≥ n − 2, hence KX is semiample by Theorem
2.3.
From now on suppose that
(pi∗KX)
n−2 · c2(Y ) = 0 and (pi
∗KX)
n−3 ·KY · c2(Y ) 6= 0.
If
(pi∗KX)
n−3 ·KY · c2(Y ) < 0,
then (6) and (7) imply that there exists a constant C2 > 0 such that
h0
(
X,OX(mKX)
)
≥ C2m
n−3,
and KX is semiample by Theorem 2.3. If
(pi∗KX)
n−3 ·KY · c2(Y ) > 0,
then since
H i
(
X,OY (KY + pi
∗(mKX))
)
= 0 for i ≥ 2
by Lemma 2.2, by (5) there exists a constant C3 > 0 such that
(8) h0
(
Y,OY (KY + pi
∗(mKX))
)
≥ C3m
n−3.
We claim that then κ(X,KX ) ≥ n− 3, and therefore that KX is semiample
as before. Indeed, by (8) there exists a positive integer m0 and an effective
divisor D such that KY + pi
∗(m0KX) ∼ D, hence (m0 + 1)KX ∼Q pi∗D
and κ(X,KX ) ≥ 0. Fix a positive integer p such that pKX is Cartier and
h0(X, pKX ) > 0. Then (8) gives
h0
(
X,OX (2pmKX)
)
≥ h0
(
X,OX (p(m+ 1)KX )
)
= h0
(
Y,OY (pKY + pi
∗(pmKX))
)
≥ C3m
n−3 = C4(2pm)
n−3,
where C4 = C3/(2p)
n−3. This finishes the proof. 
In dimension n = 4 we obtain more precisely:
Theorem 4.2. Let X be a minimal terminal 4-fold with ν(X,KX) = 3,
and let pi : Y → X be a resolution which is an isomorphism over the smooth
locus of X. Assume one of the following:
(a) (pi∗KX)
2 · c2(Y ) 6= 0;
(b) (pi∗KX)
2 · c2(Y ) = 0 and χ(X,OX ) > 0.
Then κ(X,KX ) ≥ 0.
Proof. By Theorem 4.1, we may assume that
(pi∗KX)
2 · c2(X) = 0 and (pi
∗KX) ·KY · c2(Y ) = 0.
In this case Hirzebruch-Riemann-Roch gives
χ
(
Y,OY (KY +mpi
∗(mKX)
)
= χ(Y,OY ) = χ(X,OX )
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and
χ
(
X,OX (mKX)
)
= χ(X,OX ).
Hence, arguing as in the proof of Theorem 4.1 we obtain κ(X,KX ) ≥ 0. Note
that we can no longer apply Theorem 2.3 to deduce semiampleness. 
Remark 4.3. Let X be a minimal terminal n-fold with ν(X,KX ) = n− 1,
and let pi : Y → X be a resolution which is an isomorphism over the smooth
locus of X. We argue that if we have the vanishing
(9) (pi∗KX)
n−2 · c2(Y ) = 0,
then the geometry of X is special. Indeed, assume that KX is semiample,
and let f : X → Z be the associated Iitaka fibration. We claim that f is
almost smooth in codimension one. Indeed, there is a positive integer m and
a very ample divisor A on Z such that mKX = f
∗A. If D1, . . . ,Dn−2 ∈ |A|
are general elements, then C = D1 ∩ . . . ∩ Dn−2 is a smooth curve and
S = f−1(C) is a smooth surface proportional to Kn−2X , hence (9) implies
c2(TX |S) = c2(TS) = 0.
Hence the only singular fibres of f |S are multiple elliptic curves (this is a
classical fact: use Proposition V.12.2 and Remark before that proposition
in [BHPVdV04] together with Hirzebruch-Riemann-Roch). Consequently,
there is a subset B ⊆ Z of codimension at least 2 such that for each b ∈ X\B,
the fibre of f over b is a smooth elliptic curve or a multiple of an elliptic
curve.
Finally, we obtain the proof of Conjecture 1.2 on 4-folds of numerical
dimension 3.
Corollary 4.4. Let X be a smooth projective 4-fold with KX pseudoeffective
and ν(X,KX ) = 3. Then there is a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
Proof. Assume to the contrary that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1,
so that χ(X,OX ) = 1 as in the proof of Theorem 3.2. Let Y be a minimal
model of X, which exists by [BCHM10, Fuj05]. Then ν(Y,KY ) = 3 and
χ(Y,OY ) = 1, hence κ(Y,KY ) ≥ 0 by Theorem 4.2. This is a contradiction.

5. Metrics with algebraic singularities
We recall the definition of a singular hermitian metric with algebraic
singularities, following [DPS01] and [Dem01].
Definition 5.1. Let X be a normal projective variety and let D be a Q-
Cartier divisor. We say that D, or OX(D), has a metric with algebraic
singularities and semipositive curvature current, if there exists a positive
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integer m such that mD is Cartier and if there exists a resolution of sin-
gularities pi : Y → X such that the line bundle pi∗OX(D) has a singular
metric h whose curvature current is semipositive (as a current), and the
local plurisubharmonic weights ϕ of h are of the form
ϕ =
∑
λj log |gj |+O(1),
where λj are positive rational numbers, O(1) is a bounded term, and the
divisors Dj defined locally by gj form a simple normal crossing divisor on
Y .
Remark 5.2. It is well known that a line bundle L on a normal projec-
tive variety is pseudoeffective if and only if it has a singular metric whose
curvature current is semipositive. It is a consequence of the Minimal Model
Program that on a terminal variety with the pseudoeffective canonical sheaf,
the canonical sheaf always has a metric with algebraic singularities and semi-
positive curvature current.
The following is one of the main results of [LP16].
Theorem 5.3. Assume the existence of good minimal models of klt pairs
in dimensions at most n − 1 and let X be a projective terminal variety of
dimension n with KX pseudoeffective. Suppose that KX has a metric with
algebraic singularities and semipositive curvature current. If χ(X,OX) 6= 0,
then κ(X,KX ) ≥ 0.
Towards Mumford’s conjecture, this implies:
Theorem 5.4. Let X be a projective manifold of dimension n with KX
pseudoeffective. Assume that KX has a metric with algebraic singularities
and semipositive curvature current.
(i) If good minimal models for klt pairs exist in dimensions at most n−1,
then there is a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
(ii) If n = 4, then there is a positive integer m such that
H0
(
X, (Ω1X)
⊗m
)
6= 0.
Proof. Assume to the contrary that
H0
(
X, (Ω1X )
⊗m
)
= 0 for all m ≥ 1,
so that χ(X,OX ) = 1 as in the proof of Theorem 3.2. Then κ(X,KX ) ≥ 0
by Theorem 5.3, which is a contradiction that shows (i).
The second statement follows immediately since good models of canonical
threefolds exist by [Mor88, Sho85, Miy87, Miy88b, Miy88a, Kaw92]. 
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